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We consider gravity coupled to a massive field whose Compton’s wavelength is far larger than
the Planck’s length. In the low energy effective action for gravity, thus, it is the perturbation in
the Compton’s wavelength that breaks first as the sub-sub-leading quantum perturbation grows
stronger. When this break occurs, we can not trust the perturbative information about the form
of the low energy effective action. We translate this break into the lowest limit on the mass of a
classical black hole. In D = 4, using the electron’s mass, this requires the black hole to be heavier
than 1014kg.
Pure gravity includes just one length scale: the Planck’s length. Its low energy effective action around flat space-
time, therefore, is a perturbative series like;
Leff = R+ l
2
p(c1R
2 + c2RµνR
µν + c3RµνληR
µνλη) + · · · , (1)
where ci’s are constant numbers at order one and lp stands for the (reduced) Planck’s length:
mp =
√
~c
8piG
= 4.34µg , (2)
lp =
~
cmp
. (3)
The low energy effective action for pure gravity, thus, can be re-expressed in the following compact form
L = R+
∑
l2np L
(n)(Rµνλη ,∇µ, gµν) , (4)
where L(n) is a scalar with length dimension of [L(n)] = −2 − 2n constructed out from the Riemann tensor and its
covariant derivatives.
Nature, however, has occurred not to be pure gravity. Its Platonic realization should also at-least include the
content of standard model of particle physics. The mass scale of standard model is extra-ordinarily smaller than that
of gravity. For example the Compton wavelength of electron is about 1022 times larger than the Planck’s length.
Approximating nature to pure gravity model that includes just one length scale, thus, sounds not physical in my
point of view. So, what does the low energy effective action of (physical) gravity look like? This note aims to reply
this question.
Let a field of mass m (m ≪ mp) couple to gravity. The low energy effective action for metric couple to this field
has two length scales, the Planck’s length and the Compton wavelength of the massive particle: lp, lc. The low energy
effective action for the metric reads
L = L(Rµνλη,∇µ , gµν , lp, lc) (5)
When we expand the low energy effective action around the flat space-time, we get a double expansion series:
L = R + l2p (L
(1,0) + l2cL
(1,1) + l4cL
(1,2) + · · · ) (6)
+ l4p (L
(2,0) + l2cL
(2,1) + l4cL
(2,2) + · · · )
+ · · ·
where L(m,n) is a scalar with appropriate dimension constructed out from the Riemann tensor and its covariant
derivatives. Also notice that in the above series, I have excluded terms that carry odd power of the Planck’s length.1
This exlusion is due to the fact that lp ∝
√
~ beside observing that in QFT all perturbations are at order of ~ power
to a natural number.
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1 Also note that the limit of m → 0 may not coincide to m = 0. The quantum corrections in ordinary QED do not vanish when me → 0,
for example look at [1]. The sub-leading corrections in QED will influence the sub-sub-leading corrections to effective action of metric.
So there exists no reason that the limit of me → 0 of the low energy effective action for the metric is me = 0.
2Let’s look at the double expansion series. As the curvature of the space-time increases, the perturbative terms grow
stronger. Since lc >> lp, it is the perturbation in lc that breaks first. From the moment that this break occurs, we
can not trust the perturbative series anymore. Physically (loosely) speaking when the curvature of the space-time
becomes comparable to the Compton’s wavelength of the particle then quantum fluctuations of the space-time can
create a large number of the particle, such a large number that gravitational back reaction of the produced particle
can not be necessarily neglected.
When the scale of the curvature of the space-time is at the order or smaller than the Compton’s wavelength of the
particle, we should first calculate all the perturbative sub-corrections in lc, and next sum the series before we address
what quantum effects are. Summing all the lc-terms leads to
L = R +
∞∑
n=0
l2np
l2n+2c
L(n)(l2cRµνλη, lc∇µ, gµν) (7)
where L(n)(l2cRµνλη , lc∇µ, gµν) is an scalar, not necessarily a polynomial, constructed out from its arguments. It is
an interesting observation that
l2p
l4ν
where lν is the Compton wavelength associated to the lightest massive neutrino is
almost at the order of the observed cosmological constant. So far, no one has succeeded to calculate all the lc terms in
a consistent theory (if we have any) and sum all these terms together to find the exact form of L(n)(l2cRµνλη, lc∇µ, gµν).
Let a Schwarzschild black hole in D = 4 be considered
ds2 = −(1− 2GMBH
c2r
)dt2 +
dr2
1− 2GMBH
c2r
+ r2dΩ2 . (8)
The lower upper bound on the Riemann scalar curvature outside the horizon of the black hole reads
Max(RµνληR
µνλη) ∝ ( mp
MBH
)4
1
l4p
. (9)
when RµνληR
µνλη ∝ 1
l4c
then the perturbative series in lc breaks. Using 9, therefore, gives a lower limit on the mass
of a black hole. This lower limit turns to be
MBH >
m2p
m
(10)
where m is the mass of the massive particle. Considering the electron and the ordinary Planck’s mass, we obtain that
the smallest black hole should be heavier than 1014kg. If we consider extra dimensional scenario to bring down the
fundamental scale of gravity to TeV or so, the smallest black hole will be much heavier than TeV. The lower limit of
mass of a Schwarzschild black hole in a D dimensional space-time reads
MBH > Mp(
Mp
m
)D−3 (11)
where Mp is the fundamental scale of gravity. If we brings down the scale of gravity to 1TeV in a D = 5, then using
the electron’s mass, we see that the lowest black hole should be heavier than 1012TeV . So no human-made accelerator
can produce what we could be sure that is a black hole, in no higher dimensional scenario.
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